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Abstract. Winner-Takes-All (WTA) algorithms offer intuitive and pow-
erful learning schemes such as Learning Vector Quantization (LVQ) and
variations thereof, most of which are heuristically motivated. In this ar-
ticle we investigate in an exact mathematical way the dynamics of differ-
ent vector quantization (VQ) schemes including standard LVQ in simple,
though relevant settings. We consider the training from high-dimensional
data generated according to a mixture of overlapping Gaussians and the
case of two prototypes. Simplifying assumptions allow for an exact de-
scription of the on-line learning dynamics in terms of coupled differential
equations. We compare the typical dynamics of the learning processes and
the achievable generalization error.

1 Introduction

Learning vector quantization as proposed by Kohonen has been widely used in
a variety of areas due to its flexibility and simplicity of application [1, 9]. A
couple of modifications have been developed to achieve a larger flexibility, faster
convergence, more flexible metrics, or better adaptation to Bayesian decision
boundaries, to name just a few [4, 8, 9, 14]. The motivation of the methods
differ. Most learning schemes such as basic LVQ are based on heuristics and
their learning behavior is not yet precisely investigated. Others can be derived
from a cost function such as GRLVQ [8] or LVQ2.1, the latter being a limit case
of a statistical model [12, 13]. Thereby, the connection of the cost functions to
the generalization ability is not clear, and only few models explicitely include
regularization terms [7]. In addition, some learning rules suffer from divergent
behavior and modifications such as the window rule for LVQ2.1 become neces-
sary. Thus, an exact mathematical investigation of typical learning scenarios and
their limit behavior would be valuable to judge the performance of the models.

In this work we introduce a theoretical framework in which to analyze and
compare different LVQ algorithms. It considers on-line learning from a sequence
of uncorrelated, random training data generated according to a model distri-
bution, whereby the training schemes do not make use of the form of this dis-
tribution. The dynamics of training is studied along the successful theory of
on-line learning [2, 5, 11], considering the limit N — oo where N is the data
dimensionality. In this limit, the typical system dynamics can be described by
ordinary differential equations for a small number of characteristic quantities
and the model behavior and generalization ability can be evaluated.

We apply this formalism to example scenarios of WTA-algorithms such that it
becomes possible to judge the generalization ability of different parameter choices
which correspond to underlying design criteria. The analysis could readily be
extended to more general schemes, approaching the ultimate goal to devise novel
and efficient LVQ training algorithms with exact mathematical foundation.
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2 Winner-Takes-All algorithms

We study situations in which vectors & € IRYN belong to one of two possible
classes denoted as 0 = £1. We restrict to the case of two prototype vectors
{w4,w_} corresponding to the data classes. In WTA-schemes, the squared
Euclidean distances dg (&) = (£ —ws)? are evaluated for S = +1 and the vector &
is assigned to class o if dy, < d_,. We investigate incremental learning schemes
in which a sequence of single uncorrelated examples {£", o*} is presented to the
system. Here, we treat updates of the form

wh =wh '+ Awl with Awl = L 0k g(S, o) (5“ — wgﬂ) (1)

where w’é denotes the prototype vectors after presentation of y examples. The
learning rate 7 is rescaled with the vector dimension N. The Heaviside term
0 = 0(d" 4 — df) singles out the prototype wéfl which is closest to the new
input €. d' is the squared distance (£ —w/s ")2. In this formulation, only the
winner wg can be updated whereas the looser w_g remains unchanged. The
change of the winner is always along the direction +(&" — wg_l). The function
g(S, o*) further specifies the update rule. We focus on three special cases:

a) VQ: g(S,0) = 1. Unsupervised vector quantization disregards the actual
data label and moves the winner towards the example input. The aim is a
good representation of data in the sense of Euclidean distances.

b) LVQ1: ¢(S,0) = So = +1(resp. — 1) for S = o (resp. S # o). This
extension of competitive learning to labeled data corresponds to Kohonen’s
original LVQ1. For a correct winner, the update is towards &€*. A wrong
winner is moved away from the current input.

c) LVQ+: ¢(S,0) = O(So) = +1 (resp. 0) for S = o (resp. S # o). In this
scheme the update is non-zero only for a correct winner and, then, always
positive, i.e., a prototype wg can only accumulate updates from its own
class 0 = S. We will use the abbreviation LVQ+ for this prescription.

Note that the VQ procedure (a) can be readily formulated as a stochastic gra-
dient descent with respect to the quantization error, see e.g. [6]. While intuitively
clear and well motivated, LVQ1 (b) and LVQ+ (c) lack such an interpretation.

3 The model data

To analyze the behavior of these algorithms we assume that data are generated
according to a model distribution P(£). As a simple yet non-trivial situation we
consider input data generated according to a binary mixture of Gaussian clusters

P(€) = Yy poPE]0) with P(€]o) = —Lyexp[-3 (€~ 2B,)Y] (2)

where the weights p, correspond to the prior class membership probabilities and
p+ +p— = 1. Clusters are centered about AB and AB_, respectively. W.l.o.g.
we assume that B, - B, = ©(c7), i.e. B2 =1and B, -B_ = 0, thus the length
scale and the location with respect to the origin are fixed.
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We assume that the cluster membership o coincides with the class label
of the data. The corresponding classification scheme is not linearly separable
because the Gaussians overlap. According to Eq. (2) a vector &€ consists of
statistically independent components with unit variance. Denoting the average
over P(§[o) by (---), we have, for instance, (§;), = A(B.); for a component
and correspondingly

(&), = S0 (&), = S0 1+ (&) = N+ 22

Averages over the full P(§) will be written as (---) =>__ ., (---),-

Note that in high dimensions, i.e. for large N, the Gaussians overlap signifi-
cantly. The cluster structure of the data becomes only apparent when projected
into the plane spanned by { B, B_}. However projections in a randomly chosen
two-dimensional subspace would overlap completely. In an attempt to learn the
classification scheme, the relevant directions B4 € RN have to be identified to
a certain extent. Obviously this task becomes highly non-trivial for large N.

4 The dynamics of learning

The following analysis is along the lines of on-line learning, see e.g. [2, 5, 11].
Here we give a brief summary of the results for LVQ and refer to [3] for details.
The actual configuration of prototypes is characterized by the projections

R =wl-B, and Qp=ws- -wh, for S,T,0==1 (3)

The self-overlaps @+ and @ __ specify the lengths of vectors w,, w_, whereas
the remaining five overlaps correspond to projections, i.e. angles, between w
and w_ and between the prototypes and the center vectors B4.

The algorithm (1) directly implies recursions for the above defined overlaps
upon presentation of a novel example:

N(RE, — RETY n Ok g(S, o™ ( . 1)

N(Qbr — Qir') = n0kg(S,0") (o5~ Qhz') + 0O g(T,0") (o - Q')
+n? O 04 g(S,0") g(T,0") + O(1/N) (4)

Here, the actual input €" enters only through the projections
e =wi ¢ and yh =B, €, (5)

note in this context that 0% = (Q“S g — 22" ¢ — Qg 4 22%).

A major assumption is that all examples in the training sequence are inde-
pendently drawn from the model distribution and, hence, are uncorrelated with
previous data and with w’" . As a consequence, the statistics of the projections
(5) are well known for large N . By means of the Central Limit Theorem their
joint density becomes a mixture of Gaussians, which is fully specified by the
corresponding conditional means and variances:

(a§), = ARG, ", (y¥), = AO(So), (akalp), — (2§), (o), = Qlsr'

(wovt), — (@)oo = RES, (ypult), — (up), )y = O(p7) (6)
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