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Abstract. The set of time series of spikes is expanded into a vector
space, V, by taking all linear combinations. A definition is then given for
an inner product on this vector space. This gives a definition of norm,
of distance between time series, and of orthogonality. This also allows us
to compute the best approximation to a given time series which can be
formed by a linear combination of some given collection of time series. It is
shown how this can be applied to a very simple learning or approximation
problem.

1 Introduction

We define a spike at time ¢ to be a function s(¢1) of time ¢ so that s(t1)(t) =1
if t = t1, and is zero otherwise. We define a time series to be a finite sum of
spikes,

Zi]\il s(ti)

with tq,...,tyx distinct times.
We define a weighted time series to be a finite sum of the form

S eis(ti)

The coefficients ¢; and the times t; can be any real numbers, and the number
of terms, N, can be any natural number. We let V' be the vector space, over the
real numbers, of weighted time series, with the obvious definitions of addition
and scalar multiplication. V is infinite dimensional with uncountable basis.

We consider the following basic problems. Suppose w1, ..., wy are time series
and suppose also that we are given a goal time series g, and an output neuron
G, which behaves as one of the spiking models discussed, for example in [1]. Let
inp(G) = cywy + - - - + cpwy be input to G. Let out(G) be the output time series
produced by G when given this input.

Problem 1). Find values of weights ¢y, ..., ¢, so that inp(G) is close to g.

Problem 2). Find values of weights ¢y, ..., ¢ so that out(G) is close to g.

In order to say more precisely what “close” means, we define an inner product
on V.

2 Inner Product

An inner product on a vector space, V', over the reals is a function
<wu,w>:V xV — R so that:
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1. <u,w>=<w,u>.
2. <utv,w>=<u,w>+ <v,w>.
3. <cu,w>=c<u,w >, for any real c.
4. <u,u>>0.

5. <wu,u>=0onlyif u=0.

Because of the linearity of the inner product, and since V' is formed by linear
combinations of spikes, we only need to define the inner product between two
spikes. We define

< 5(t1), s(ty) >= e~ lta=tll/0

where § is some scaling factor.
In general

< ZCiS(ti), Z djS(T’j) >= Zcidjefntifrj”/‘s

We should check that this is an inner product. Suppose u = > ¢;s(t;). In
order to show that < u,u > > 0, define F(u) to be Y c;e'i~*h(t;), where h(t;)
is the function of ¢ which is equal to zero for ¢t < ¢;, and is equal to 1 for t > ;.
We may think of F'(u) as a hypothetical post synaptic response to weighted time
series u. For simplicity, set time scale § = 1.

ST PO F((t2))t = [,y €272t =2 < (1), 5(t2) >
In general [~ F(u)F(v)dt =2 < u,v >. Since [*_F(u)?*dt = 0 if and only if
u =0, we get conditions 4) and 5) above.

From an intuitive point of view < w,v > measures correlation of u and v.

From this we get norm(w) = \/( < w,w >), d(u,w) = norm(u — w), which
gives us a metric on time series. Following the discussion above, we may think
of d(u,v) as a measure of the difference between hypothetical post synaptic
responses to u and v. To give some idea of how this works, suppose § = 1/33, and
time is measured in seconds. Then d(s(t1), s(t; + 0.01)) = 0.75 approximately.

We also get w is orthogonal to w if and only if < u,w > = 0.

Additionally we get Proj,(u) = (< u,w > / < w,w >)w. This is the projec-
tion of u onto direction w. This may be understood as the best approximation
to w which can be expressed as a multiple of w.

Example 1 Take time scale § = 1. Suppose w; = s(1) + s(2),w2 = s(2) +
s(3),ws = s(1) + s(3),u = s(2). Then Proju, (uv) =< u,w; > / < wy,w; >
wy = s(1)/2+s(2)/2. We note that, as expected, u— Proj,, (u) is orthogonal to
Projy, (u). We can use the Gram Schmidt process as usual to find an orthogo-
nal basis for the subspace spanned by (w1, ws,ws). Once we have this orthogonal
basis, we can, as usual, find the best approximation in the subspace to any given
element of V.
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3 Approximation

We now get some solutions to problems 1 and 2.

3.1 Gram Schmidt Solution to Problem 1

Use Gram Schmidt process on wsi,...,w; to get an orthogonal basis for the
subspace Span(wi,...,wy). Suppose this orthogonal basis is wyx*, ... wy,*. We
can find the best approximation to g in this subspace by

> ciw;x

where ¢; = proju,«(9)
This is guaranteed to give the optimal solution to problem 1), i.e. the unique
linear combination in the subspace which is closest to the goal.

3.2 [Iterative Approximate Solution to Problem 1

Define E = g — inp(G). Until norm(FE) is small, loop:
Pick ¢ at random. Define ch(c;) := Projy, E. Let ¢; := ¢; + ch(c¢;). Then
inp(GQ) = inp(G) + ch(c;)w;.

3.3 Iterative Approximate Solution to Problem 2

Define E = g — out(G). Until norm(E) is small, loop:
Pick i at random. Define ch(c;) := norm(Projy, E)/norm(w;). Let ¢; :=
¢i + ch(c;). Then inp(G) := inp(G) + ch(c;)w;.

4 Testing

The following tests were performed using the iterative algorithm, outlined in
sections 3.2 and 3.3. The purpose of the first set of tests is to demonstrate the
ability of the algorithm to alter weight values ¢y, ..., ¢ such that inp(G) becomes
close to a required goal time series, g. We are attempting to bring the distance
- as defined by norm(g-inp(G)) - between the goal and the input vector to a
minimum.

For each experiment, the goal and each time series that make up inp(G)
consist of 10 spikes that have been randomly drawn from a uniform distribution
in the interval (0,1). The initial values of the weights ¢1, ..., ¢x are set to zero.
All experiments are performed in CSIM, more details of which can be found at
www.lsm.tugraz. at/csim/index.html.

Figure 1A shows a plot of the distance between the goal and inp(G), with
respect to the number of iterations of the algorithm, where inp(G) consists of
just 10 input channels. In this experiment we used a time scale of 1/33; so,
< 8(t1),s(ta) >= e~ 33It1=t2l Tt can be clearly seen that initially, the distance
falls sharply by a small amount before leveling off. The reason for this is simply
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