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Abstract. The stability analysis of neural networks is important in
the applications and has been studied by many authors. However, only
recently has the stability of stochastic models of neural networks been
investigated. In this paper we analyse the global asymptotic stability
of a class of neural networks described by a stochastic delay differential
equation. It can be argued that such a model is as comprehensive as one
would like to be when studying perturbations of neural networks since
delay siganalling and noise are accounted for. We present a convergence
theorem and discuss some examples of its use.

1 Introduction

The mathematical foundation of the stability analysis of neural networks has
advanced considerably in the last ten years or so (see [1],[2], [3], [4], for example).
Recently however the theoretical foundations of this subject has broadened to
include stochastic differential equation models for neural networks. The papers
[5], [6] study the global asymptotic stability of stochastic, pure-delay neural
networks (of the Marcus-Westervelt type, see [7]) and have laid the foundations of
this subject. In this paper we study a stochastic functional differential equation
model of a neural network containing terms involving instantaneous and delayed
signals — thus our model includes stochastic, delayed Cellular Neural Networks.
Our model is

da(t) = (=Px(t) + Aof (x(t)) + Arf(x(t — 7)))dt + g(x(t), x(t — 7))dB(t), (1)

where Ap and A; are fixed (n x n) real matrices, P is a diagonal matrix of
positive reals, f is the usual diagonal mapping consisting of sigmoidal functions,
B(t) is an n-dimensional Brownian motion and 7 > 0 The model (1) gives rise
to an Ito process under standard conditions which we elucidate below.

Two dynamics dominate the theory of continous-time neural networks:

a) the so-called content addressable memory dynamic introduced in [2] and
utilised in Hopfield networks;

b) global asymptotic stability, we refer to such a dynamic as GAS.

In (a) it is usual for a finite set of equilibria to attract all trajectories of
the dynamical system. Roughly speaking such point attractor networks recall
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memory states, since solutions flow from an intial condition to one of the stored
memories. In (b) a unique stable equilibrium p exists and for all initial conditions
x, w(x) = p. Here the location of p usually depends on some external input to
the network, thus the network may be viewed as a non-linear classifier of inputs.
It is this dynamic which we study here, our goal is to seek conditions on the
parameters on (1) which ensure that the stochastic neural network is almost
surely GAS.

Other authors have commented on the neccessity of incorporating noise into
neural network models (see [8], p. 309). In one context the importance of a
model such as (1) is clear: if neural networks are to be sucessfully fabricated as
non-linear circuits then delays are unavoidable due to the finite switching speed
of amplifiers. Such an environment clearly also contains thermal noise. It is
important therefore to enquire whether a (usually deterministic) dynamic such
as GAS is robust to stochastic perturbations.

One last comment is relevant. One can argue that choosing 7 to vary among
the neurons in the network, and even setting 7 = 0 for some subset of neurons,
exhibits our model as a subtype of the neural network presented in [7]. However,
casting the neural network equation in the form of (1), allows for two distinct
processing modes: through the medium of the feedback term supported by the
matrix Ag, instantaneous signals are propagated by all cells in the network. In
addition, through the medium of A; all neurons propagate delayed signals. This
flexibility is important in the applications and is implicit in the Cellular Neural
Network paradigm; see [9], for example. From a theoretical perspective, the
model (1) approaches the widest possible form of functional differential equation
model involving integrated delays. Here we ‘approximate’ an integral term with
delays at distinct points in time.

2 Background Material On Stochastic Differential Equa-
tions

In this section we present the notation used throughout this paper and outline
in brief some fundamental theory. We refer the reader to [10] for proofs of the
results in this section. We denote by C' = C([-7,0], R"]), the Banach space of
continuous functions ¢: [~7,0] — R" with the norm ||¢| = sup, ,. . o | ¢(0) |-
If A is a vector or a matrix AT stands for the transpose of A, trace(A) is the
sum of the diagonal elements of A. If A is a real, symmetric matrix Apax(A4)
denotes the largest eigenvalue of A.

Let B(t) = (B1(t),. .., Bm(t)) be an m-dimensional Brownian motion defined
on a complete measure space (|, F,P); this process defines the natural filtration
{Ft}t. o (F is the o-subalgebra generated by B(s) for 0 < s < t). Further define

e L% ([-7,0],R"]), the family of all Fi-measurable C([—,0], R"])-valued
random variables ¢ such that [|¢||2, =sup E | ¢(0) |*< oo;

In the sequel SFDE will stand for stochastic functional differential equation.
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