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Abstract. This work aims at reviewing some of the main issues that
are under research in the field of Hopfield networks. In particular, the
feasibility of the Hopfield network as a practical optimization method is
addressed. Together with the current results, the main directions that de-
serve ongoing analysis are shown. Besides, some suggestions are provided
in order to identify lines that are at an impasse point, where there is no
evidence that further research will be fruitful, or topics that nowadays can
just be considered as historically interesting.

1 Introduction

Since its inception in 1982 [16], the neuronal paradigm generically known as the
Hopfield network has literally been the subject of thousands of papers. Indeed,
it is worth realizing that many important contributions do not even mention
the name “Hopfield”, since there are several related models, extensions and
particularizations, such as Cohen-Grossberg networks [12], the Takeda-Goodman
model and so on. However, assuming some lack of rigour, we freely use the
term “Hopfield networks”, as a synonym for recurrent, fully-connected networks.
Further, when these recurrent networks are considered from the viewpoint of
dynamical systems theory, their main feature is the existence of a Lyapunov
function. The presented study of the Hopfield network is certainly restricted
and biased since a comprehensive review would probably fill the available pages
tenfold. Admittedly, the selection of topics is guided by our own interests and can
be concisely described as the application of Hopfield networks to optimization.
This is the reason for the surname “and Tank” of the title, from the other
author of the first reported optimization usage of this paradigm [41], where an
instance of the Travelling Salesman Problem (TSP) is solved. Again, this is not
a restriction but an illustrative term, and some of the presented models are far
apart from the original work by Tank and Hopfield. Hence, we are ready to state
one of the things that we intend to know about Hopfield networks:

1. Is the Hopfield network capable of performing combinatorial optimization?
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Despite the time passed since the model was first presented and the intense re-
search effort, this is still an open question. The controversy on the optimization
efficiency of Hopfield networks arose soon after its outset [47], and has accompa-
nied the paradigm since then. The main objection of Wilson and Pawley was the
impossibility to reproduce Tank and Hopfield’s results. It is now agreed that this
was partly due to the omission of a number of important implementation details
in the original proposal of the algorithm. Anyway, this criticism persuaded many
researchers to lose interest in the Hopfield paradigm, both in the optimization
and the neural network scientific communities. Yet, a significant number of con-
tributions have been filled with partly affirmative answers to the above question.
Most of them suggest additional heuristics to the Hopfield methodology, so that
more or less successful solutions to the TSP have been provided. This progress
can be tracked in the review [36] (and references therein), since no dramatic
advance has occurred since its publication. We will not pursue a taxonomy of
these empirical advances since the TSP itself has been severely questioned as
the appropriate benchmark for Hopfield networks [35]. Besides, our interest is
focused on methodological issues that are applicable to a wide range of problems
and have been somewhat disregarded in the literature. In particular, we empha-
size the need for explicitly describing the model that is used in each study, since
there are several formulations with different dynamical properties: the discrete
formulation [16], the continuous Hopfield formulation [17] and the continuous
Abe formulation [1]. We explain the advantages and limitations of each model,
when applied to combinatorial optimization, based upon a rigourous theoretical
analysis. In particular, it is shown that the discrete formulation is severely lim-
ited, thus in the rest of the paper only continuous models are addressed. This
continuity is twofold, since, on one hand, states (neuron outputs) extend over a
continuous interval; and, on the other hand, continuous networks are modelled
by Ordinary Differential Equations (ODEs), thus time is also continuous.

Even when restricting to theoretical studies on the Hopfield network, the
list of references is still overwhelming, most of them dealing with the stability
of the network as a dynamical system. As mentioned above, this theoretical
interest on the Hopfield network is not coherent with its limited reputation as a
practical computational algorithm, which is in sharp contrast to other neuronal
paradigms. Consider, for instance, the Self Organizing Map (SOM), proposed
by Kohonen [24, 25] the same year as Hopfield networks were introduced. The
practical usefulness of the SOM is unarguable [26], whereas its theoretical anal-
ysis has faced great difficulties. Some advances have indeed been presented [13]
that support the empirical results, and this “samosien” approach! has provided
considerable inspiration both to the title and the content of the present con-
tribution. Therefore, it is important to determine lines of theoretical research
that contribute to attain efficient optimization techniques by means of Hopfield
networks. In contrast, some other directions may be less fertile for practical
applications. Hence we can state another aspect that we intend to know:

IThe authors of [13] belong to the SAMOS research group.
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2. Which theoretical stability analysis is still worth undertaking?

Needless to say, it is not our intention to suggest that some published work is
useless. Rather, our aim is to draw the attention of researchers who are interested
in optimization to recent theoretical advances that could reveal fruitful.

The application of Hopfield networks is not limited to combinatorial opti-
mization. As mentioned above, the Hopfield network presents some difficulties
when dealing with the TSP. It can be argued that these objections are exten-
sible to the whole domain of combinatorial optimization. However, this is not
a reason to disdain the usefulness of Hopfield networks, since other interesting
applications certainly exist. Indeed, based upon previous work, we can affirm
that we know that:

3. The Hopfield network is competent at solving other classes of optimization
problems.

In particular, we present a reformulation of parametric identification of dynam-
ical system as an optimization problem, which is solved by a modified Hopfield
network. The resulting network possesses variable weights so that existing sta-
bility analysis are not applicable. Both theoretical and empirical results support
the efficiency of the presented neural estimator.

The success of an algorithm is not separable from the feasibility of its im-
plementation. Concerning neural networks, hardware implementation has wit-
nessed some remarkable developments [48], but software simulation is still the
first-choice method for practical application. In the case of Hopfield networks,
some transformation is needed in order to represent continuous networks, mod-
elled by ODEs, on digital computers. Discretization of continuous models is the
subject of numerical analysis, thus a successful implementation of Hopfield net-
works will be served by the choice of an appropriate method, among numerical
methods for ODEs, together with the correct selections of step size. In other
words, we intend to know:

4. Which numerical method preserves the optimization capability after dis-
cretization in the best possible way?

Numerical analysts have determined that some families of methods can preserve
qualitative properties of the underlying ODE, such as stability or hamiltonian
structure. These results are within the framework of an ongoing research that
joins numerical analysis and dynamical systems theory [38]. Since optimization
is a direct consequence of stability, this theory provides a hint for the search of
an optimal numerical method for implementing Hopfield networks.

In view of the persistent bad reputation of Hopfield networks, some re-
searchers have considered that the original model, based on ODEs, is exhausted,
and several extensions have been proposed. With this respect, we intend to
know:

5. Which alternative proposals will result in practical optimization algorithms?
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Generally speaking, most of these extended models result from replacing ODEs
by functional differential equations, whose solutions are formed by functions,
rather than vectors. In particular, this infinite-dimensional framework leads
to Stochastic Differential Equations, Delay Differential Equations and Partial
Differential Equations. We can only speculate on the practical applicability of
these models, since their computational usage is almost unexplored.

Section 2 deals with the first three questions of the enumeration above: we
describe the diverse formulations of Hopfield networks and present some theoret-
ical results that suggest their relative merit, as long as optimization is concerned.
The application of Hopfield networks to parametric identification is presented
too. In Section 3, the discrete-time network is studied, considered as a numerical
method that discretizes the continuous network, i.e. the fourth question is ad-
dressed. Several extensions of the original model, as stated in the fifth question,
are the subject of Section 4. Finally, a summary of the things that we know,
and those that we intend to know in the future, puts an end to the paper in
Section 5.

2 The continuous Hopfield network and its application to
optimization

2.1 Different formulations for combinatorial optimization

The application of Hopfield networks to optimization problems is based upon
the existence of a Lyapunov (also called energy) function, which decreases while
the network spontaneously evolves (see [15, 22] for background on dynamical
systems and stability). Hence, the stable states of the network coincide to the
minima of the energy function. Therefore, optimization is achieved by making
the target function identical to the Lyapunov function. Although the original
Lyapunov function presented by Hopfield was quadratic, the addition of higher-
order terms was later proposed [34, 32]. Nowadays, limiting a contribution to
first order networks is a severe restriction, so that general multilinear functions
should be considered:
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where C{ v, represent the set of all combinations of g elements chosen from the set
N, of the first n natural numbers. Then, a particular combinatorial optimization
problem is stated by the target function V, together with the constraints |s;| = 1.
The crucial contribution by Hopfield consists in constructing a gradient system
by defining the network input as the gradient of the target function:
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