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Abstract. The success of Support Vector Machine (SVM) gave rise to
the development of a new class of theoretically elegant learning machines
which use a central concept of kernels and the associated reproducing
kernel Hilbert space (r.k.h.s.). Exponential families, a standard tool in
statistics, can be used to unify many existing machine learning algorithms
based on kernels (such as SVM) and to invent novel ones quite effortlessly.
In this paper we will discuss how exponential families, a standard tool
in statistics, can be used with great success in machine learning to unify
many existing algorithms and to invent novel ones quite effortlessly. A
new derivation of the novelty detection algorithm based on the one class
SVM is proposed to illustrates the power of the exponential family model
in a r.k.h.s.

1 Introduction

Machine learning is proving increasingly important tools in many fields such
as text processing, machine vision, speech to name just a few. Among these
new tools, kernel based algorithms have demonstrated their efficiency on many
practical problems. These algorithms performed function estimation, and the
functional framework behind these algorithm is now well known [1]. But still
too little is known about the relation between these learning algorithms and more
classical statistical tools such as likelihood, likelihood ratio, estimation and test
theory. A key model to understand this relation is the generalized or non para-
metric exponential family. This exponential family is a generic way to represent
any probability distribution since any distribution can be well approximated by
an exponential distribution. The idea here is to retrieve learning algorithm by
using the exponential family model with classical statistical principle such as the
maximum penalized likelihood estimator or the generalized likelihood ratio test.
To do so the paper (following [2]) is organized as follows. First section presents
the functional frameworks and reproducing kernel Hilbert space. Then the ex-
ponential family on a r.k.h.s. is introduced and classification as well as density
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estimation and regression kernels based algorithms such as SVM are derived.
In a final section new material is presented establishing the link between the
kernel based one class SVM novelty detection algorithm and classical test the-
ory. It is shown how this novelty detection can be seen a an approximation of a
generalized likelihood ratio thus optimal test.

2 Functional framework

Definition 1 (reproducing kernel Hilbert space (r.k.h.s.)) A Hilbert space
(H,(.,. ) is a r.khs. if it is defined on R (pointwise defined functions) and
if the evaluation functional is continuous on H.

For instance IR", the set Py of polynomials of order k, as any finite dimensional
set of genuine functions are r.k.h.s.. The set of sequences £2 is also a r.k.h.s..
Usual L? (with Lebesgue measure) is not because it is not a set of pointwise
functions.

Definition 2 (positive kernel) A function from X x X to R is a positive
kernel if it is symmetric and if for any finite subset {x;},i =1,n of X and any
sequence of scalar {a;},i=1,n

ZZ OéiOéjK(iL'i,yj> Z 0

i=1 j=1
This definition is equivalent to Aronszajn definition of positive kernel.

Proposition 1 (bijection between r.k.h.s. and Kernel) Corollary of propo-
sition 23 in [3] and theorem 1.1.1 in [4]. There is a bijection between the set of
all possible r.k.h.s. and the set of all positive kernels.

Thus Mercer kernels are a particular case of a more general situation since every
Mercer kernel is positive in the Aronszajn sense (definition 2) while the converse
is false. One a the key property to be used here after is the reproducing ability
in the r.k.h.s.. It is closely related with the fact than in r.k.h.s. functions are
pointwise defined and the evaluation functional is continuous. Thus, because of
this continuity Riesz theorem can be stated as follows

VieRY, zeX,  f(z)={f() Kk, ))n (1)

In the remaining of the paper the reproducing kernel Hilbert space, its dot prod-
uct and its kernel k will be assumed to be given. In this case the so called feature
space is given by the kernel and the dot product considered is the one of the
r.k.hs..
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3 Kernel approaches for the exponential family

3.1 Exponential Families

We begin by reviewing some basic facts of exponential families. Assume there
exists a reproducing kernel Hilbert space H embedded with the dot product
(.,.)n and with a reproducing kernel k such that kernel k(z,.) is a sufficient
statistics of . Then in exponential families the density IP(x;8) is given by

P(z:6) = exp ((6(), k(z. )} — 9(6) . 9(6) =log | exp((60). k(e ) da-
x
Here 6 is the natural parameter and g(6) is the log-partition function, often
also called the moment generating function. When we are concerned with esti-
mating conditional probabilities, the exponential families framework can be can
extended to conditional densities:

P(ylz; 0) = exp ((0(.), k(z,y, .))n — g(0]x))
and g(0]z) = log [, exp((0(.), k(z,y,.))n) dy.

g(0|x) is commonly referred to as the conditional log-partition function. Both
g(0) and ¢(0|x) are convex C'* functions in § and they can be used to compute
moments of a distribution:

809(9) = Ep(:v,@)[k(w)] 899(9|w) = Ep(m,y,@)[k(wa y)lw] Mean (2)
Ro(0) = Varyogy k()] Bg(0l2) = Varyo k(e y)la]  Variance (3

We will also assume there exists some prior on parameter 6 defined by

P(6) =  exp ({80),60))n/20°)

where Z is a normalizing constant. In this case, the posterior density can be
written as P(0|x) o IP(x|0)IP(0).

3.2 Kernel logistic regression and Gaussian process

Assume we observe some training data x;,y;,7 = 1,n. The binary classification
problem is when y; € {—1,+1}. In this case we can use the conditional exponen-
tial family to model IP(Y = y|z). The estimation of its parameter 6 using the
maximum a posteriori (MAP) principle aims at minimizing the following cost
function:

n

—logP(f]data) = — Y (0(.), k(zi,yi, - ))n + 96, 2:) + (0(.),0(.)) /20 + C

i=1

where C is some constant term. Note that this can be seen also as a penal-
ized likelihood cost function and thus connected to maximum description length
principle.
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