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Abstract. We provide a stability analysis based on nonlinear feedback
theory for the recently introduced backpropagation-decorrelation (BPDC)
recurrent learning algorithm. For one output neuron BPDC adapts only
the output weights of a possibly large network and therefore can learn in
O(N). We derive a simple sufficient stability inequality which can easily
be evaluated and monitored online to assure that the recurrent network
remains stable while adapting. As byproduct we show that BPDC is highly
competitive on the recently introduced CATS benchmark data [1].

1 Introduction

While recurrent neural networks have matured into a fundamental tool for tra-
jectory learning, time-series prediction, and other time-dependent tasks, major
difficulties for their more widespread application remain. These are the known
high numerical complexity of training algorithms and the difficulties in assuring
stability, which often is crucial in particular for adaptive control applications
(see also the review [2]). Most of the efficient existing algorithms rely on back-
propagation through time to compute error gradients and additionally require
proper adjustment of learning rates and time-constants.

To advance in the direction of a simple online recurrent learning technique,
which could attract an even wider audience to use recurrent networks, in [3]
we have introduced the backpropagation-decorrelation rule (BPDC), which com-
bines three principles: (i) one-step back propagation of errors; (ii) the usage of
the temporal memory in the network dynamics which is adapted based on decor-
relation of the activations, and (iii) the employment of a non-adaptive reservoir
of inner neurons to reduce complexity. The output weights then implement a
linear readout function while at the same time the output neuron provides full
feedback into the reservoir. In its most efficient and useful form, the BPDC rule
applied to learning one output is O(N) and in [3] it has already been shown that
BPDC performs well on a number of standard tasks.

The BPDC rule roots in a combination of recent ideas to differentiate the
error function with respect to the states in order to obtain a “virtual teacher”
target, with respect to which the weight changes are computed [4, 5]. Further,
under the notion “echo state network” [6] and “liquid state machine” [7] non-
adaptive recurrent networks as a kind of dynamic reservoir to store information
about the temporal behavior of inputs have been proposed, which allow to effec-
tively learn a linear readout function. In [3], the BPDC rule has been formally
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Fig. 1: Left: BPDC trains output weights between a dynamic reservoir and the
output neuron, which gives feedback to the reservoir. Right: Network composed
from linear feedforward operator G and nonlinear feedback Φ (see text).

derived and shown that it can be interpreted as a combination of these ideas
leading to (i)-(iii).

In this contribution, we give a formal technique to analyze the stability of the
“fixed dynamic reservoir + output neuron + feedback ” network configuration
shown in Fig. 1. It is based on the small gain theorem from nonlinear feedback
theory and leads to a simple stability inequality to be monitored online while
learning. We demonstrate this technique and give simulations for the recently
introduced CATS benchmark which shed some light on the complex trade-offs
between stability, learning, and network configuration.

2 The BPDC learning rule

We consider fully connected recurrent networks

x(k+∆t) = (1−∆t)x(k) + ∆tWϕ(x(k)) + ∆tWuu(k), (1)

where xi, i = 1, . . . , N are the states, W ∈R
N×N is the weight matrix, Wu the

input weight matrix and k = k̂∆t, k̂ ∈ N+ is a discretized time variable such
that for small ∆t we obtain an approximation of the continuous time dynamics
dx/dt=−x+Wϕ(x) and for ∆t=1 the standard discrete dynamics. We assume
that ϕ is a standard sigmoidal differentiable activation function with ϕ′ ≤ 1
and is applied component wise to the vector x. We further assume that W is
initialized with small random values in a certain weight initialization interval
[−a, a]. Denote by O⊂{1, .., N} the set of indices s of NO output neurons (i.e.
xs output ⇒ s∈O) and let for a single output neuron w.r. O = {1} such that
x1 is the respective output of the network shown in Fig. 1.

If all but the output weights are fixed, we can regard the inner neurons
as dynamical reservoir which is triggered by the input signal and provides a
dynamical memory. The output layer linearly combines these states to read out



the desired output. In [3] the Backpropagation-Decorrelation rule

∆wij(k+1) =
η

∆t

ϕ(xj(k))
�

s ϕ(xs(k))2 + ε
γi(k + 1), (2)

where γi(k+1) =
�

s∈0

�
(1−∆t)δis + ∆twisϕ

′(xs(k))
�
es(k)−ei(k+1),

has been introduced, where η is the learning rate, ε a regularization constant
(ε = 0.002 throughout), and es(k) are the non-zero error components for s∈O
at time k : es(k)=xs(k)−ys(k) with respect to the teaching signal ys(k). In [3]
it has also been shown that the term ϕ(xj(k))/(

�
s ϕ(xs(k))2 + ε) enforces an

approximative decorrelation of the neuron output vectors ϕ(xj(k)) over time.
The γi propagate a mixture of the current errors ei(k+1) and the errors in the
last time step es(k) weighted by a typical backpropagation term involving ϕ′.

3 The operator framework

Using the standard notation for nonlinear feedback systems [8, 9] 1 the network
(1) is composed of a linear feedforward and a nonlinear feedback operator Φ:

ẋ = −x + e, e = Wuu + Wϕ(y), y = x.

The Laplace transformation of the linear part yields the forward operator GI(s) =
(I + sI)−1 while the activation function ϕ defines the feedback operator Φ, see
Fig. 1. Φ does not explicitely have to be stated in the frequency domain because
it will be approximated by its gain which is defined by the maximum slope of ϕ.
Denote this network interpretation as ((GI, W), Φ) for the input-output equation

y = GI(Wuu + WΦ(y)) = GIWuu + GΦ(y), (G = GIW).

The network acts as nonlinear feedback system implementing a loop operator
H=̇ ((GI, W), Φ) which transforms Ln

2 signals2 Wuu into L2 output signals y.
Using the small gain theorem, this system is input-output stable (and the origin
is globally exponentially stable for the respective unforced dynamics (1) with
u≡0), if the operator gains γ(GI), γ(G) = γ(GIW) and γ(Φ) are finite and the

small gain condition: γ(G)γ(Φ) < 1 (3)

holds. The small gain condition yields the loop gain estimate for u′ = Wuu

γ(H) ≤ γ(GI)
1 − γ(G)γ(Φ)

where γ(H) = sup
u′

‖H(u′)‖2

‖u′‖2
= ‖H‖2 (4)

is the gain induced by the Lp
2, p = n, 1 norms for the operator H : Ln

2 → L2.
Note that γ(GI) = γ(Φ) = 1 by definition. To derive the stability condition

1Here we give the framework only for continuous time, an analog derivation is possible for
discrete time using the z-transform and sequence spaces, see ([8],chap. 6).

2Strictly speaking we can assume this only after assuring stability of the system, see [9].








