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Abstract. In most ICA algorithms, the separation performances are esti-
mated through the evaluation of a contrast function ®, used in the update
rule of elements of the unmixing matrix. In particular situations, optimiz-
ing ® does not lead to optimize the extraction of each source, one by one.
However, in some applications, one can be interested in quantifying the ex-
traction performances of a specific signal. In this paper, we emphasize that
none of the usual ®’s could be directly applied, without further precautions,
to evaluate the performances of the local separation.

1 Introduction

Blind Source Separation (BSS) consists in recovering m independent sources (s =
[$1, ..., 8m]T) only from n > m mixtures of them (denoted by x = [x1,...,2,]T).
If n > m, these observations must be projected to an m-dimensional subspace.
In the case where the mixture is linear, instantaneous and noiseless, we have:
x = As. This problem can be solved by Independent Component Analysis (ICA),
which allows to recover estimates of the sources: y = § = Wx ~ PDs, where
y are the outputs of the algorithm, P and D are a permutation and a diagonal
matrix, respectively. In ICA algorithms, sources are recovered when a contrast
function ® (CF) is maximized. In order to achieve this, update rules for W were
derived. Indirectly, the evaluation of ® at the final step of the algorithm can be
seen as a measure of the global separation performances (GSP). Nevertheless, in
some situations, maximizing the GSP does not imply that each source is separated
in the best way, and one may be interested in extracting a particular signal as well
as possible (for denoising applications, fetal electrocardiogram extraction, etc.).
This is the reason why a local separation performance (LSP) estimator could be
useful. How can we identify when a specific source §; is as close as possible from
the associated source s; without using the original sources s, which are -supposed
to be- unknown ?
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In this paper, we recall the link between ICA | independence and nongaussianity;
The most used CF’s are recalled. Next, we discuss on the feasibility of using such
classical global CF’s as an estimator of LSP. Some simulations results are given in
section 4, before a conclusion.

2 Independence and Nongaussianity

2.1 Independence as a GSP estimator

To derive CF’s, some authors have used the main hypothesis on the s; : they
are mutually independent. This implies that the product of the marginal density
functions fs, (s;) (pdf’s) equals the joint density function fs(s) (jpdf) of the sources.
Below, we detail the CF’s based on the cancellation of the higher-order cumulants
and on mutual information.

2.1.1 Higher-orders cross-cumulants (JADE)

It is well-known that signals y; and y; are uncorrelated if their covariance is zero, im-
plying that E{y,y,;} = E{y;}E{y;}. Independence requires that E{g;(v:)g,(y;)} =
E{gi(yi)} E{g;(y;)} for any g; non-linear function (cross-cumulants of all orders
must be null). Whitening cancels the cross-cumulants up to two (uncorrelated-
ness), and JADE [1] diagonalizes the tensor of 4" order cumulants Cjjy;(y), which
is in practice a good approximation of independence. The CF used in JADE is

defined as: @ jade = — D iinitiink C’fjkl(y).

2.1.2 Mutual Information (Infomax - Infomut)

The Infomax algorithm, derived by Bell and Sejnowski relies on the Linsker’s prin-
ciple [2]. Sources are recovered by maximizing the mutual information I(y,x)
propagated in a network (parameterized by w) of inputs x and outputs y. Ac-
tually, the authors prove that this could be reached by the maximization of the
joint entropy h(y) between outputs: %’;’y) = ag—g’). Applying directly this prin-
ciple leads us inevitably to infinity by finding an arbitrarily large unmixing matrix
W [3]. Thus we prefer maximizing h(g(y)) instead of h(y), where [g(y)]; = g:(y:)-
The g;’s are non-linear functions mapping R — [0, 1] and increasing monotonously
(e.g. a sigmoid). It can be shown that the joint entropy is equal to the dif-
ference between the sum of the marginal ones and the mutual information [4]:
h(gly)) = 2 h(gi(vi) — 1(8(y))-

In theory, it is clear that maximizing the joint entropy of g(y) is not equivalent
to minimizing the mutual information between the outputs I (g(y)) However,
in practice (even there exists no proof of that), maximizing ®y, fomaz = h(g(y))
seems maximizing @, fomut = —I1(g(y)) [5] for supergaussian sources'.

LAn extended version of the algorithm (Eztended Infomaz) allows a good separation for sub-
gaussian signals as well. Furthermore, The CF of Infomax is equivalent to the Mazimum Likeli-
hood Approach one [3].
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2.2 Nongaussianity as a GSP estimator

The maximum nongaussianity approach is based on two major results from infor-
mation theory [6]. First, the Central Limit Theorem (CLT) says that if u is a
sum of n random independent variables (n — 00), each one having an arbitrary
probability distribution, then f,(u) tends to a Gaussian function. In other words,
it means that the pdf of a mixture is closer to a Gaussian than the pdf of each
independent variable involved in the mixture. Secondly, the Maximum Differential
Entropy of a Gaussian variable expresses the fact that a Gaussian variable xq is
the one (among all unbounded variables x) which has the highest differential en-
tropy for a given variance (02 = 02_): h(z) < h(zg) = §log(2me)o?, with equality
if and only if = is Gaussian. Combining those two principles, we can say that in
order to find one source, we have to find an output which minimizes entropy. In
the following subsections, we give CF’s to measure nongaussianity.

2.2.1 Kurtosis (MaxKurt)

The kurtosis k(y) (€ [—2,00[) of a variable y tells us if f,(y) is spikier (super-
gaussian: k(y) > 0) or flatter (subgaussian: rk(y) < 0) than the Gaussian pdf
(k(y) = 0). The kurtosis is classically defined as: x(y) = E{y*} — 3E{y?}? .
For almost all non-Gaussian pdf’s, the kurtosis is strictly different from zero. For
example, |k(y)| or k2(y) could thus be used as a measure of nongausianity [6] of

fy(y) D gurt; = ZZZ1 |k(yi)| or Prurt, = 2211 ’f(yi)2-
2.2.2 (Neg)entropy (FastICA)

The Kullback-Leibler divergence (KLd, [4]) could be used to measure nongaussian-
ity in order to derive a CF: ®xp = >, [ f,.(¢)log J{“idc. Another criterion,

(@
equivalent to this latter CF, was derived: the negentropy, noted J. The negentropy
of a variable yy, is defined as the difference between h(z¢) of variance o2, = Jik

and the differential entropy of y: J(yx) = h(ze) — h(yx) = 3 log(2me)o2, — h(yy).
Actually, the exact computation of differential entropy and KLd requires a high
computational time, and the analytic expression of the pdf. Good approximations
of J were derived which considerably decrease the computational time. FastICA
[6] uses the following: J(yx) x (E{g(yx)} — E{g(zc)})?, where g is a non-linear
function, chosen according to the input signals x. The aim of FastICA is the same
as MaxKurt: drive far away the pdf of the m outputs (estimated sources) y; from
Gaussian ones. The CF ® of FastICA is the previous approximation of negentropy
applied to the output signals: @ pesirca = Y 1oy j(yl)

The Minimum Marginal Entropy algorithm relies on these principles and on the
entropy power inequality [7]: h(z + y) > max (h(z:)7 h(y)), where x and y are two
independent variables.

3 Towards a LSP estimator ?

As explained in the introduction, it could be interesting to measure the extraction
quality of each §i, one by one. Indeed, even if the GSP estimator indicate a failure














